Introduction
This paper presents an analytical study of a simplified problem of equations governing the magneto-hydro-dynamic flow (MHD) in the Earth's core , modelized here by a periodic domain where we choose the rotating vector inhomogeneous but with a constant direction. Our system takes thefollowing form:
The space is filled with a conducting fluid with a velocity field u submitted to a pressure force p and generating a magnetic field b. We consider that the parameters α and β are two smooth functions, therefore the incompressible fluid is rotating around an inhomogeneous vector. This is a generalization of the usual rotating-fluid model where α and β are constants and the vector βe 3 can be considered a component of the magnetic field (see, for instance, [6, 13] ). We assume the fluid to be incompressible, and δ ∈]1/2, 1[.
We will consider the limit of small Rossby number ε.
We denote by P the L 2 orthogonal projection on divergence-free vector fields.
Applying P to the first equation (S (ε) ), we get U ε := (u ε , b ε ) as a solution of the following abstract form:
where the quadratic term Q is defined by Before stating the main results that we shall prove here, let us recall some cases where the rotating vector is constant and let us discuss the difficulties compared to the usual (MHD) model.
Q(U ,
Singular limits in the system (S (ε) ) in the constant case were the goal of number of authors. In the hyperbolic case, Babin, Mahalov, and Nicolaenko [2] studied the rotating Euler equation on the torus governed by an incompressible fluid. Using the method introduced by Schochet [14, 15] , Gallagher [7] studied the question in its abstract hyperbolic form, Chemin, Desjardins, Gallagher, and Grenier [5] studied the incompressible fluids with anisotropic viscosity on the whole space, and Grenier [9] studied the periodic case. Convergence of MHD System Solutions 3
We also refer to Benameur, Ghazel, and Majdoub [3] for the study of the strong solution in both periodic case and in the whole space.
The results in those papers and in the periodic case follow from the study of the spectrum of the rotating fluid operator, which is not an easy matter where the singular perturbation is given by
An idea to get around this difficulty, such as the one given by Lions and Masmoudi in [11, 12] and used by Gallagher and Saint-Raymond in [8] for instance, is to compare our condition with the so-called compensated compactness and to use weak compactness methods, for which we are interested in the following system:
Let us recall briefly the result which will be useful in the following for the equation governing incompressible inhomogeneous rotating fluid where the linear perturbation is given by 
For all ε > 0, let u ε be a weak solution of (RF ε ), which is bounded in
We then define
Assume that
α is a smooth function with nondegenerate critical points and satisfying
Proof. We choose here to give a brief proof of the proposition inspired by [8] in order to clarify the techniques used to prove Equation (1.1) and that will be helpful later on in this paper. The key argument of the proof is the following development:
where t ε,ρ and σ ε,ρ are quantities satisfying the following estimates:
and
X ρ denote generically a regularizing of the vector field X.
Using the fact that
we get the expected result.
Before stating the main results of this paper, let us introduce the spaces which we will use; all vector fields are 2π -periodic in the direction x i (i = 1, 2, 3) and real-valued.
Moreover, we will suppose that they are divergence-free.
Recall that in the periodic case, Sobolev spaces are defined by the norm
where v n are the nth Fourier coefficients.
Similarly, inhomogeneous Sobolev spaces are naturally defined by
If f is any vector field, we will denote its horizontal part by f h and its vertical average by 3 , we will denote by F the Fourier transform, the horizontal gradient by ∇ h = (∂ 1 , ∂ 2 ), and its orthogonal by ∇ ⊥ h := (∂ 2 , −∂ 1 ), and the horizontal divergence and Laplacian, respectively, by div h f :
Finally, note that throughout this paper C denotes a positive constant, which depends only on the parameters and the regularity index of vector fields and can change from line to line, and ∇ p ε denotes the gradient of a function, which also can change from line to line. 
. Then for all ε > 0, the system (S (ε) ) has at least one weak solution
Moreover, for all t ≥ 0, the following energy estimate 
Now, the aim of this paper is to describe the limit of U ε as ε approaches zero. Of course, the problem to find the limit system comes in taking the limit in the nonlinear terms; since ∂ t U ε is not a priori bounded in ε, one cannot take the limit directly in the system and consequently the classical proofs (see, for example, [10] ) work no longer.
We will suppose that α is a function with nondegenerate critical points in the following sense:
By Beppo-Levi theorem, Equation (1.3) can be written as:
) is a smooth function that satisfies assumption
, and let U ε be any weak solution of (S (ε) ) in the sense of Theorem 1.2. Then
where the third component u 3 satisfies the transport-diffusion equation
and, the horizontal component u h satisfies the following property: for all divergence-free vector field in
for all ε > 0 and t ≥ 0
(ii) (b ε ) ε converges strongly to zero, more precisely
whereas the vertical component b ε,3 depends on the geometry of β:
(1.14)
and it can be seen as a heat equation on Ker(L).
(2) Equation (1.9) will be compared with properties satisfied by any weak limit of u ε , which in u h is parallel to ∇ ⊥ h α. The structure of this paper is as follows. In Section 2, we present the proof of the existence results, and we determine and characterize the kernel of L. Section 3 presents the proof of Theorem 3.
Study of Singular Perturbation

Energy estimation
In this section, we establish the existence of weak solution of the system; notice that this proof is similar to the one in [3] . The structure of the system governing a magnetohydro-dynamic rotating fluid, therefore a weak Leray solution can be constructed by the approximation scheme of Friedrichs.
Let us introduce, for a strictly positive integer n, the Friedrich's operator J n defined by
After this definition, we consider the following approximate system:
By the theory of ordinary differential equations in L 2 we know that the system (S (ε) ) n has a unique maximal solution
. Using uniqueness, the fact that div(u n ) = div(b n ) = 0 and that J n = J 2 n we can rewrite the system Convergence of MHD System Solutions 9
Applying the projection P of Leray to the first equation and taking the scalar product in
It follows that
and we can easily remark that,
To pass to the limit, we use in a standard way Ascoli's theorem, the Cantor's diagonal process as in Navier-Stokes equation (see [4] ), and Aubin's lemma [1] . We obtain that "Leray solution" satisfies, for all t > 0, Denote by (U ε ) ε a family of weak solution of (S (ε) ). Then there exists U :
Characterization of any limit point
Formally, one can expect that any limit of (U ε ) is an element of the kernel of the singular operator given by
and it depends strongly on the geometry of the rotation vector of the singular perturbation. We apply εP to the first equation of the previous system, we multiply the second equation by ε δ and take the limit on ε. We obtain in the sense of distributions,
Let us introduce the orthogonal projection Q defined by
As is regular, V 0 is the space of function gradients in H 1 ( ).
Thanks to the identity (2.5), the equation (2.4) involves
As β ∈ {1, α}, and ∇ · (α e 3 ) = ∇ · u = 0, we get
In particular, ∂ 3 u 1 = ∂ 3 u 2 = 0 from which we deduce that
Differentiating the incompressibility constraint with respect to x 3 then leads to 
In the other hand, (2.7) can be written
Taking the L 2 -scalar product of the system (T ε ) with (u, b) t , it is easy to see that
Remark 2.2. The general assumption (where α and β are arbitrary, independent) does not give any more information, so we consider
Denote by C the interior of the set C.
• On O, Equation (2.10) becomes
then u h = 0 and any weak limit point is null on the set O.
• On C , u h satisfies Equation (1.6) with Dirichlet boundary conditions on the boundary of C .
Proof of Theorem 1.3
Since α is not homogeneous, we will be able only to prove that the vertical average of the vertical velocity is strongly compact.
Proof of (1.5). Thanks to the identity
and since b ε are divergence-free, the vertical component of the first equation of (S (ε) ) can be written as
Taking the vertical average, it follows that
From the energy estimate
which provides regularity with respect to space variables.
A similar computation yields
Aubin's lemma [1] gives that
The energy estimate implies that
Taking the limit in ε, according to Proposition (1.1) and 3.26 one can see that
And (1.6) is proved.
Proof of (1.7). By the characterization (Subsection 2.2) it suffices to prove that any weak limit of u ε is in the kernel of L; let χ in D(R + × ) be a test function of null divergence.
We multiply the first equation of the system by εχ, integrate with respect to time and space, and get
We integrate by part to get
We pass to the limit and using the energy estimation, we get u(χ × αe 3 ) dt dx = 0, which can be written as
This implies that (u × α e 3 ) is orthogonal to any divergence-free vector field in L 2 ( ).
So when This holds for almost all t > 0.
Proof of (1.9) (Case β = α.)
Denote by c ε := ε −1/4 b ε , the vertical component of the second equation of (S (ε) ) is equivalent to
where G ε := c ε .∇u ε − u ε .∇c ε . We have the following lemma:
) and it is similar for F ε . Which completes the proof of the lemma.
We pass to the Fourier transform in the space variable and obtain
Taking the horizontal modes (k 3 = 0), we get
By Duhamel's formula, we can write 
